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Section I

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1 — 10.

Q1. Vectors a and b and are shown in the diagram below.

A

v

Which diagram best represents the vector 2a — b ?

A B

2a - b

v

v

v

20 - b

v



Q2. The radius of a circle is increasing at a constant rate of 0.4 meters per second.
What is the rate of increase in the area of the circle at the instant when the
circumference is 601 metres?

2

A 0242
S€C
m2

B. 242
S€C
m2

C. 24m 22—
S€C
m2

D. 240m 22—
S€C

Q3. Which of the following expressions is equivalent to 3cosx — J3— sinx ?

A. 2J_cos X — )

(

B 2d5cos( s+ 1)
(+-
(

C. 2~/3Tcos )

)

oxl:i

D. ZJ_cos x +

oA

Q4. Find the equation to the tangent to the curve given by x = 2y and y = £ + 5 at the
point where ¢ =2

A y=2x+1
B. y=tx-2t+6
C. y=x+4

D. y=x-4



Q5. The graph of a polynomial y = P(x) is shown below.

y

What is the minimum possible degree of the polynomial [ P(x)]z?

A 2
B. 4
c. 8
D. 16

Q6. The variance of a Bernoulli distribution is 13_6 .

What is a possible value for the mean of the distribution?

A2
4
B. 3
4
c. S
16
D. 2
16



Q7. The direction field of a differential equation is shown.

Rt Sl

Which differential equation does the direction field best represent?

L X
A. y—;
B. y'=xy
C y'=x2y2
Do yi=x+y

Q8. Which of the following shows the correct substitution of the variable u into the integral

f xN3x — 2 dx using u = 3x — 2?2

A f x(ua) dx
" ()

1
C. éf (u+2)u du

1
D. =
%JA (%+ 2) u2 du




Q9. The region bounded by the y-axis and the curve y = 6x — X7 DJ[0,3] is rotated
around the y-axis. The volume of the resulting solid of revolution is given by:

f 6x —x2 dx
A. 0

3

f n(6x — x°) dx
0

9

C. f 3+ -y dy
0

9

D. f (3 -0 — ) dy

0

Q10. The scalar projection of the vector u = i + 2j 1n the direction of the vector v 1is 2.

Which of the following could be equal to v ?

A. 3i+ 41
B. 3i+5j
C. 4i+3j
D. 4i+5]

End of Multiple Choice



Section 1T

60 marks - Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11 — 14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11: Use new writing book for this question 15 marks

a)  Solve for x given

=4 2
x—3

) 1
b) Given cosx = - 3 and sinx > 0 find the exact value of sin 2x 2

¢)  The diagram shows the function f(x) = — forx = 0.
x
.\‘
State the domain and range of the inverse function f ! (x) . 2
d) Solveforx given x° —5x° +8x—4=0 3

e) The ten members of a sporting team have the numbers 1 to 10 on the back of their

jumpers.
1. Explain why, if six players are randomly chosen there must be at least one pair of
players whose numbers add to 11. 1
il. What is the minimum number of players that need to be chosen to ensure that at
least one pair of players have numbers that add to 12 ? 2
f)  Use mathematical induction to prove 3
1 2 + 2 .
—+—+i+...+£=2—n for integers n = 1
2 2 3 n n
272 2 2

End of Question 11
7



Question 12 : Use new writing book for this question

a)  The graph above below y = cos” (2x — 3). Determine the coordinates of point 4.

b) Ina dice game five dice are rolled simultaneously. One point is scored for each six
showing face-up on the dice. Let X represent the score.

(1)  Explain why X can be considered as a Bernoulli variable
(1i1)) Find the expected value and variance of X
(i11)) Find P (X > 3), correct to four decimal places.

s

3
c) Find f sin® 2x dx in simplest exact form.
us

4

, determine the exact value of

d)  Using the substitution x = 2sin® where —% <0<

(SR

1

j ! dx
0 2

4 —x

e)  Find the solution of the differential equation y' =1 + 4y2 given y(0) = %

End of Question 12

15 marks



Question 13 : Use new writing book for this question 15 marks

a) The curve y = f(x) is shown below.
Using the Cartesian planes provided in the answer booklet, sketch the following graphs.

i y =fx[)

iy =)

)
|
=
| —
—

b)  Shares in a company X are particularly volatile. On any given trading day the probability
that the share price will increase by $1 is % and the probability that the share price will

fall by $1 is % . If the share price is now $6 find the probability that it will be less than $6
after 5 trading days. 2

Question 13 continues on next page;



Question 13 continued.

C) Determine the equation to the tangent to the curve y = 3 sin”! (%) atx =1

d)  Inthe isosceles triangle ABC , |X§| = ]A_C’\ . D is the midpoint of side AB and
E is the midpoint of side AC. 55 is perpendicular to E]g .

A

Use vector methods to find the size of 2BAC .

2
is shown below.

e) Part of the graph of the function f(x) = >

dx

B
X

: 3 . .
The region bounded by the curve y = f(x), y = > and the coordinate axes is rotated

about the y-axis. Find the exact volume of the solid formed.

End of Question 13.

10



Question 14 : Use new writing book for this question 15 Marks

a) 1 Show sin(x — y)sin(x + y) = sin’x — sinzy. 2

.. .2 .2 .
1. Solve sin" 3x —sin"x =snd4x for0 < x < 1 2

b)  The population P(¢) of bacteria in a petri dish is modelled by the logistic differential
equation

dp _P

6 (1 - L) where P(0)=Ppand ¢ is the time in hours.

8000

1. If the initial population Ppis 1000 bacteria, show that P(¢) = 8000 3

o ~

1+7e_

0 _1, 1 |

(You may use the fact that ——=——= —+
P(O-P) P QO-P

il. If instead the initial population Py were 12000 bacteria, describe what would have
happened to the population as ¢ increases. 1

c)  The vectors p = (a)and q-= (2) are parallel.
~ 3 ~ \4

i. Find a. 1

ii. The vector r = @) is perpendicular to vector q and ‘q -r ’ = J65 .

Find the possible values of x and y. 3

d)  Using the expansion of (1 + x)2n and given that 3

21C, +2(2"C,) + 3("Cy) + ... + 2n(2nC,,) = n x 27"

Show that

2(1Cy) + 3(1Cy) + 4(1Cy) + o+ (2n + DEICy,) = (n+ 1) x 27" 1

End of Examination

11
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Loy =fxD

iy’ =fx)
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Section IT

60 marks - Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11 — 14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11: Use new writing book for this question 15 marks
a) Solve forxgiven —* 5 4 2
x—-3
x
= 4
r— 3
r # 3
x
=4
x— 3
x=4x-12
Jx =12
x=4

Test regions

J<x =4 marks correct answer , one mark correct significant points

. 1
b) Given cosx = - 3 and sinx > 0 find the exact value of sin 2x 2
Solution
sin 2x = Zcosysiny !
) "3 3 N1




c)  The diagram shows the function f(x) = forx = 0.

2
x +1

.‘\

State the domain and range of the inverse function f ! (x).

x

D :(0,1] R : [0,00)

d) Solveforxgiven x° —5x° +8x—4=0
P(1)=1-5+8-4=0 = (x—-1) factor
P2)=8-20+16-4=0 = (x - 2) factor
P(x)=(x - D(x-2)(x £ c)

—4=-1x%x-2Xc 47
c=-2

PGx) = (x — D(x - 2)°

x=1or2 ‘ ‘ b




e) The ten members of a sporting team have the numbers 1 to 10 on the back of their
jumpers.

1. Explain why, if six players are randomly chosen there must be at least one pair of
players whose numbers add to 11.

il. What is the minimum number of players that need to be chosen to ensure that at
least one pair of players have numbers that add to 12?

Pairs that make 11

(1,10) (2,9) (3,8) (4,7) (5,6) - if the first 5 numbers are picked one from each pair to avoid
the sum of 11, the 6™ number must complete a pair adding to 11.

(2,10) (3,9) (4,8) (1,11) (5,7) with 1 and 6 remaining
To avoid a pair — max number would be 1, 6 plus one each from the pairs = 2+5=7

Therefore one more selection must produce a sum of 12. =8



f)  Use mathematical induction to prove

1 2 3 n n+2
—+—2+—3+...+—n=2— "
2 2% 2 2 2

for integers n = 1

Sample answer:

Stepl Prove true for n =1
1

LHS ==
2
RHS =2 _1x2 1
2 2
Strueforn =1

Step2Letn = & be a value for which fhe statement is true
1€
1
2

k+2
_-2.:.

s Ky
@ >

Step 3 Prove true for n=1+1
1.e prove

(s =2-K*2 K+l
r 2
(2(k+2) k+1)
i -2.1— 2.-';— Il
(2k+4-k-1)
_II. 7k )

'Z:_j asrequired.

=2

=2

=:-!—

- true by mathematical induction



Question 12 : Use new writing book for this question 15 marks

a)  The graph above below y = cos'1(2x — 3). Determine the coordinates of point 4. 2

5 =+
y = arccos(2x — 3) = arccos{2(x — 1.5)}
41
y = arccos(2x)
(1,m)
3L
¥ = arccosx
1 4
1 | | ! ' > x
-2 -1 1 2 3 4



b)

In a dice game five dice are rolled simultaneously. One point is scored for each six
showing face-up on the dice. Let X represent the score.

(1)  Explain why X can be considered as a Bernoulli variable
(i1) Find the expected value and variance of X
(ii1)) Find P (X > 3), correct to four decimal places.

X has a binomial distribution. Its shape is positively skewed.

1 =9
E(X)=np=>5 x ri % (see Reference Sheet)
1 =
Var(X)=np(l — p)=5 x riks % =35 (see Reference Sheet)

P(X >3)=P(X =4 or X =5)=P(X = 4)+P(X = 5)

(OO0

= 0.0033 (4 d.p.,)

5

6

]

4

5

6

5

6

)+

15
)iszeze

6

us
3

c) Find J;

4

.2 L
sin” 2x dx in simplest exact form.




d)  Using the substitution x = 2sin® where —

4 —x
x = 2sin0
x> = 4sin’0
x=0 =

0=2snB = 0=

1 . L
X 5 Sm 6

dx = 2co0s0d6

n
) =
0 4 — 4sin°0

fgl 1
0 2\/1—sin29

s

fél 1
= — X
0o 2 cosO

X 2cos0d0

2cos0 dob

X 2cos0O dO

, determine the exact value of



e)  Find the solution of the differential equation given y(0) = %

Y =1+4y
dy 2
2 _14+4

dx N

1 .
f > dy = in dx
1 +4y

tan_1(2y) =x+c

1
:0 = _ —
X y=3
tan”’ (2 x%):OJrc
c=T
4

TC
2y =t +—
5% an(x 4)

=ltan(x+£)
) 4

End of Question 12



Question 13 : Use new writing book for this question 15 marks

a) The curve y = f(x) is shown below.
Using the Cartesian planes provided in the answer booklet, sketch the following graphs.

i y=sxD)
1
iy’ =f(x) 3
4 1L
Y= (x| + 2)(|x| + D(2Jx| = 1)(— |x])
21
A

44

10



b)  Shares in a company X are particularly volatile. On any given trading day the probability
that the share price will increase by $1 is % and the probability that the share price will

fall by $1 is % . If the share price is now $6 find the probability that it will be less than $6
after 5 trading days.

Criteria | Marks
® Provides correct answer. 2
* Some attempt to write in binomial probability form or equivalent 1
progress.

Sample answer:

Prob( < $6 after 5 days) = Prob( Majority of movements are down )

= Prob(number of up movements <2)

N
P2
115

~
1 | =
f'.'l -ISIISI -I5

Let p(Increase) =

I e

Let g(Decrease)= 5

Let n = no oftrials

r+aq)
To be less than 6 dollars after 5 trading days must decrease on 3 or more days.

ie

Case 1 = IIIII = $5 increase
Case 2 = IIIID = $3 increase
Case 3 = IIIDD = $1 increase
Case4 = I1IDDD = $1 Dccrease

Case5 = [IDDDD = $3 decrease
Case 6 > DDDDD = $5 Decrease

oeat= e (D e (2 e @ a2 Q) e Q) e )
reso- o2 () vse ()2 v (2)

11



Question 13 continued.

c)  Determine the equation to the tangent to the curve y = 3 sin”! (g) atx =1

Determine the equation to the tangent to the curve y = 3sin I(x)ul_'c =1

by
y= 3sin”’ (E] atx

atx 1 3 marks — correct solution
Ll m_m
y = 3l 3" 3w i
2 marks
d[ ﬂ-“-' Sy - Correct gradient from
L a | fx correct derivative but no
dx J 2 . 2 further progress.
i ixh] - Correct equation from a
gradient correctly formed
ﬁ = 3 from incorrect derivative.
dx 4 - x*
3 1 k
atx 1 m T J1_ mar
3 Any of
-y, =43 (xr-x) Correcty
Correct derivati
y Ejl 'UEU' I y erivative

12



d) Inthe isosceles triangle ABC, |X§| = ]A_C'| . D is the midpoint of side 4B and
E is the midpoint of side AC. CD is perpendicular to BE .

A

Use vector methods to find the size of 2BAC .

Let
AB=g
AC=b
al = o] = x
E).Za—lb
~ 2N
D_C>=b—la
~ 2~
ED.DC = 0 as vectors perpendicular
1 1 1 1 1
-= - = = - = —b.=b+—ab
(z ZN)(Q 22) a.b-yaa -b.o b+ ab

13



a.b = |a|b| cosd = |a|*cos® = x cos®
2 2

a.a
bb= |’ =x’

5 1 1
4Q-Q—2Z~‘l _2Q'2_ 0

ixzcosﬁ — x2 =0

4
5
2 cosO—1= 0
4-COS
4
=2
COS 5
0= cos"% = 36.87°

3 marks — full solution

2 marks — using dot product to achieve this equation or similar

ab-—aa -

b= 0

&

1 1
2 2
1 mark

one of

- Recognition ED.DC = 0 as perpendicular

- Show ED:a—%b
- Show a.b = |a|[b|cosB = |g|2cos9

0 marks

Non-vector solution

14




2
iPart of the graph of the function f(x) = % is shown below.
x

-
X

The region bounded by the curve y = f(x), y = % and the coordinate axes is rotated

about the y-axis. Find the exact volume of the solid formed.

Criteria Marks
* Provides correct solution 3
e Finds the inverse-trigonometric primitive of the integral, or
equivalent merit
e Determines integral that yields volume, or equivalent merit 1

Sample answer:

_ 1 — 3x2
= 4x2

1= 3x?

Y 4x2
4x%y? =1 — 3x?
x2(4y2+3)=1
1

b

3
Now, V = 1:_]'02 x2dy
ren [
IR a3V
T 2 §
:—[tan_1—y]2
2V3 V3lo
T
= —[tan 1v3 —tan 10
2@[ |
TTZ

_ ]
= units
£l

2

End of Question 13.

Question 14 : Use new writing book for this question 15 Marks

15



a) 1 Show sin(x — y)sin(x + y) = sin’x — sinzy.

Sample answer:

sin(x—y)sin(x+y)= %I:CDEI:[.T—I'I.'] —(x+ .1']:|—c05|:[_\'—.1']+ [_r+,1']:|:|
1 -
= E[cos[—lj']—cos[l\ ) :I
L ') —cos(2x
=E[cos[2; )—cos(2x) |

= 3(1-2sin% ) ~(1-2sinx) ]

=sin” x—sin” ¥
.. .2 .2 )
1. Solve sin" 3x —snx =sm4d4x for0 < x < 1

Sample answer:

From (i) sin® 3x —sin” x =sin (3x— x)sin(3x+x) =sin 2xsin4x
sin 2ysindx=sindx for 0<x<m1

sin 2xsin 4x—sin4x =10

sin 4x(sin 2x—1)=0

sindx=0=4x=0 7273747

O T 3T
x=0— = —_;
47274
sinl\':l:}l_r:%:}_x:g
T 3T
472747

16



b)  The population P(¢) of bacteria in a petri dish is modelled by the logistic differential

equation

ar = B( 1- L) where P(0)=Ppand t is the time in hours.
dt 6 8000

L. If the initial population Pyis 1000 bacteria, show that P(z) = 8000

o ~

1+7e_

dP P ) P
dt 6 8000

dt 48000
dP ~ P(3000 — P)

fdf f _s000
P(8000 _ P)

1 i 1 Q 1 1

Zat= (24— \aP using—2 — L

ﬁf f(P+SDDD—P) “Mtpo-pP) P Q P

1
gt + e =In|P|~In|8000 — P|

t

> S Y P

6 ¢ H‘SDDD—P}

T

8000 — P
P

P
c_
— ]

A

[
Te e

8000 — P
P

8000 — P
When ¢+ = 0, P = 1000 :
1000
— Ae"

8000 — 1000
1

T
P 1

L ——— = —g§
2000 — P 7
=000

— Ae% where A = +¢°

1-|-T£:_;

[U

_9g .
P(Q - P)

e
+
~

(You may use the fact that

17



ii. If instead the initial population Py were 12000 bacteria, describe what would have
happened to the population as ¢ increases.

Sample answer:

The carrying capacity for the population is 8000. If P(0)>= 8000, such as 12000, the
population will decay and approach the asymptotic population size of 8000 as time
increases,

dP dP
Alternatively: The equation for ry shows that when P = 12000, ar < 0 (population

dP
will decrease). As P decreases and approaches 8000, — approaches zero. Thus, the

dt

population will decrease and will approach 8000.

18



c) The vectors p = (a ) and q = (2) are parallel.
~ 3 ~ 4

S -

Parallel = A (

W o

3/1:4:>/1:

W |

ia=2

il. The vector r= (;C) is perpendicular to vector q and |q — £| = J65 .

Find the possible values of x and y.

2 X
Perpendicular= /A {4} . [ ! ] =0
}"

2x+4y=0

‘;—:|=J§ 3\/(2+2y): -+-(4—_1")2 =65

squaring

4+8v+4y’ +16-8y+y’ =65
5y +20=65

V' =9

y=13

SLx=6y=-30orx=-6,y=3

19



d)

Using the expansion of (1 + x)2n and given that

210, + 2(3"C,) + 3("Cy) + ... + 2n(3nC,y,) =n x 27"

Show that

2(21C,) + 3(1Cy) + 4(1C3) + .o+ (2n + DECy,) = (n+ 1) x 27— 1

Sample answer:

(1 s =|f' 21 _|f' }_‘n"'_x_|f' ), —......——r. 1) .
o oJvr ) 2 | 2n )

substitute v =1
‘f' 21 _|f' 21 _|f' 2}1"'__ __|f' 21 oy
o)1)z | 2 )
20 (21 20\ ., [(n)
|L_ 1 _;_|L_ 2 .;_"“"_L ) _|l_n_;
(2ny (2n) () .,
|l_ 1 _;_|l_ 2 .;_"""_—l_ P

2 [ 2n) (2 [(2my _(2n) f2my| [2m [2m)
2|L_1 )* |l_ 2 _j_“““_[z”_l]t 2;:_}{[_ )7 |L_ 2 J7 T "|l.2n_j_[|l_1 _j_|L_ 2 [T
=nx2"+27 1
=(m+1)=2" -1

End of Examination

This page has been left blank.
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